This article constructs a class of random probability measures based on exponentially and polynomially tilting operated on the laws of completely random measures. The class is proved to be conjugate in that it covers both prior and posterior random probability measures in the Bayesian sense. Moreover, the class includes some common and widely used random probability measures, the normalized completely random measures (James (Poisson process partition calculus with applications to exchangeable models and Bayesian nonparametrics ( 
Introduction
Random probability measures derived from normalized independent increment processes have been studied for decades. Kingman [27] considers normalization over subordinators of Lévy processes with only positive jumps. Regazzini et al. [44] introduce the class of the normalized random measures with independent increments (normalized completely random measures) for studying the probabilistic properties of mean functionals of random probability measures. Investigations for statistical modeling are available in James [18] , Lijoi et al. [32] and James et al. [22] . 
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In Bayesian non-parametric statistics, the normalized random process is considered to be an unknown parameter and the posterior distribution of the process is usually of interest. The most popular class of such random processes for statistical modelling is the Dirichlet process (Ferguson [12] ; Lo [36] ). The Dirichlet process is appealing because it induces model flexibility and it is also conjugate in the sense that the posterior process, the process conditional on the data, is also a Dirichlet process. In fact, a surprising result shown in James et al. [21] states that only the Dirichlet process has the conjugacy property among the random probability measures in the class of normalized independent increment processes. In the present work, we are able to show that it is not the case for a richer class of normalized processes. The class of normalized processes considered in this article is derived based on tilting, in particular, exponentially and polynomially tilting operated on the laws of completely random measures and this yields the class of laws containing the prior random probability measures and their posteriors in the Bayesian sense. So, the random probabilities in this class is conjugate.
Tilting the laws of random processes provides a way to enrich the class of random processes through change of measure. For example, Pitman [41] constructs the PoissonKingman process by normalizing a random process that has a tilted law of completely random measures. Other well known special cases are the Poisson-Dirichlet process, whose law is constructed by polynomially tilting the laws of positive α-stable processes (Pitman [41] ), and the beta-gamma process (James [20] ), whose law is obtained by polynomially tilting the laws of gamma processes. However, these studies give less attention to the statistical properties of the tilted processes. Our studies in fact focus on showing conjugate property of the random probability measure derived from tilted laws of the completely random measures and providing the posterior analysis of the class of random probability measures.
Applications of non-parametric models are becoming increasingly common in Bayesian statistics. However, implementing non-parametric models is rarely straightforward and often involves Markov chain Monte Carlo (MCMC) algorithms that might require evaluation of complicated functions. This article provides an augmented form of the sampling algorithm, namely the Blackwell-MacQueen Pólya urn sampling scheme, which avoids the necessity of evaluating those functions for some special cases and which we believe would be beneficial to the use of normalized random measures in statistical applications in future. We provide a simulation study concerned with estimating probabilities of partition sizes, a problem that arises in biological speciation (Lijoi et al. [33] ). We show our algorithm yields similar results to three other sampling schemes based on the Blackwell-MacQueen Pólya urn distribution.
The article proceeds as follows. Section 2 describes the construction of a class of random probability measures obtained by tilting the laws of completely random measures. Materials presented here are in compact form; we refer the reader to Daley and Vere-Jones [8] for the complete treatment on these topics (see also Kingman [25] [26] [27] ; Kallenberg [23, 24] ). Section 3 considers a class of random probability measures constructed through polynomially and exponentially tilting the laws of completely random measures. Section 3 also provides details on the prior and posterior distributions, proves the conjugacy property and describes the augmented Blackwell-MacQueen sampling scheme. Section 4 describes two specific examples of the tilting strategy, tilting the laws of the generalized gamma process and the generalized Dirichlet process is demonstrated. Section 5 presents the simulation study. Section 6 concludes the articles and provides a future research perspective. Proofs of theorems and propositions are included in the Appendix.
In addition, as a referee pointed out that theorems in Section 3 are not entirely new and a version of them has appeared in an unpublished manuscript (James [18] ), we would like to acknowledge that the class of random probability measures involving polynomially and exponentially tilting was first studied in the manuscript (James [18] , Chapter 5), including a posterior analysis. We will further comments on these aspects and connections in Section 3.
Construction of the class of random probability measures
Let the triple (Ω, F, P) be the basic probability space. Assume X is a Polish space endowed with a metric d X generating a Borel σ-field B(X). Let M X denote the space of boundedly finite measures on (X, B(X)). A measure is said to be boundedly finite if it is finite on bounded sets. The space M X is a Polish space equipped with the metric of weak convergence. This induces the Borel σ-field B(M X ). A random measure, µ say, taking values from M X , is a measureable mapping µ : Ω × X → R + ∪ {0} where R + denotes the positive real line. For each ω ∈ Ω, µ(ω, ·) is a boundedly finite measure on (X, B(X)) and µ(ω, A) is a random variable for all bounded sets A ∈ B(X). For convenience of notation, we write µ(A) instead of µ(ω, A) from now on. For further details, see Daley and Vere-Jones [8] , Chapter 9. A random measure µ is a completely random measure (crm) on the measure space (X, B(X)) if for all finite families of pairwise disjoint, bounded Borel sets A 1 , A 2 , . . . , A k ∈ B(X), the random variables µ(A 1 ), µ(A 2 ), . . . , µ(A k ) are mutually independent. For any crm, there is a representation theorem due to Kingman [25] , Theorem 1 (see also Kingman [27] and Kingman [26] , Chapter 8), and the theorem is nicely described in Daley and Vere-Jones [8] , Theorem 10.1.III. The version in Daley and Vere-Jones [8] , Theorem 10.1.III, says that a crm µ can be represented as a sum of an atomic measure with countably many fixed atoms, a deterministic non-atomic measure and a measure derived from a Poisson process. The representation is given by
where the sequence {x 1 , x 2 , . . .} is the countable set of fixed atoms of µ, {U 1 , U 2 , . . .} is a sequence of mutually independent non-negative random variables, λ is a fixed non-atomic boundedly finite measure on X, and N is a Poisson process on X × R + . This Poisson process N is independent of {U 1 , U 2 , . . .} and has an intensity measure ν on X × R + . The 4 J.W. Lau intensity ν satisfies the following two conditions. For every bounded set A ∈ B(X),
and
Notice that conditions (2.2) and (2.3) guarantee that the random measure R + yN (·, dy) is boundedly finite on X and has no fixed atoms respectively (see also Kallenberg [24] , Chapter 12). The Poisson process in (2.1) can be considered as a marked Poisson process on X having mark space R + . Again the product space X × R + is a Polish space with a suitable metric d X×R + extended from d X . The Borel σ-field of the Polish space X × R + is given by B(X × R + ) = B(X) ⊗ B(R + ) where B(R + ) denotes the σ-field generated by the open subsets of R + . Then the Poisson process N is a mapping N : Ω× X× R + → Z + ∪{0} where Z + denotes the positive integers. This Poisson process takes value from the space of boundedly finite measures (M X×R + , B(M X×R + )) defined analogous to the space (M X , B(M X )) discussed in the first paragraph. Here we write N (A, B) to represent N (ω, A, B) for convenience of notation. The intensity measure ν of this Poisson process is a non-atomic σ-finite measure ν : X × R + → R + ∪ {0}. The intensity measure is particularly important since it is the only parameter of the random measure and also the first moment of the measure. It determines the nature of the process and further it also determines the nature of the random measures derived from the Poisson process. Here (2.3) also implies that N (·, R + ) is a simple point process on X. This point process N (·, R + ) is called ground process in Daley and Vere-Jones [8] , Chapter 9.
Initially, we restrict our attention to the crm on X without the first two components, the atomic component and the drift, in (2.1), that is the crm is in the form of 4) with respect to the Poisson process N defined on X × R + with intensity measure ν satisfying conditions (2.2) and (2.3). The law of the crm µ, denoted by P µ , which is derived from the law of the Poisson process. For the sake of simplicity, we say µ has the parameter measure ν. The measure ν can be decomposed into two measures, ρ x and η, written as ν(dx, ds) = η(dx)ρ x (ds). Such a decomposition is guaranteed by Kallenberg [23] , Appendix 15.3.3, in which the measure ρ x is uniquely determined outside any set of ν measure zero. Here ρ x is a mapping ρ x : R + → R + ∪ {0} for any x ∈ X such that ρ x (A) is X measureable for every bounded set A ∈ B(R + ) and ρ x is a σ-finite measure. In particular, when ρ x is dependent on x ∈ X, the crm µ is non-homogeneous. Otherwise, when ρ x is not dependent on x ∈ X, the crm µ is homogeneous. The σ-finiteness of ρ x ensures the crm µ has countably infinite jumps on any bounded set in B(X). Here η is a finite non-atomic measure η : X → R + ∪ {0}. Without loss of generality, the measure η is restricted to be a proper probability measure on X. This implies that the total mass of the measure µ is finite almost surely. Then a random probability measure could be defined according to the ratio of µ(A) and the total mass µ(X), that is G(A) := µ(A)/ µ(X) for A ∈ B(X). Let h be a positive Borel measurable function h : R + ∪ {0} → R + . Here h( µ(X)) is a tilting factor transforming the total mass to a positive scalar. The law of the tilted completely random measure (tilted crm) is given by scaling the law of the crm by the tilting factor. To ensure that the law of the tilted crm is proper, the proportional constant of the law, E[h( µ(X))], is required to be finite, that is,
Definition 2.1. Let µ be a crm defined on (X, B(X)) in (2.4). The crm µ has a probability measure P µ on (M X , B(M X )) and with the parameter measure ν that satisfies conditions (2.2) and (2.3). Let h be a positive Borel measurable function on the nonnegative real line, that satisfies condition (2.5). A tilted crm, µ t , defined on (X, B(X)), has a probability measure P µt on (M X , B(M X )) such that
with the parameter measures ν and h.
Definition 2.2. Let µ t be a tilted crm with the parameter measures ν and h defined from Definition 2.1, a normalized tilted crm G t is given by
on (X, B(X)). This normalized tilted crm G t is with the parameter measures ν and h.
Notice that when the function is a finite constant (h(x) = constant < ∞), the normalized tilted crm G t is simply a normalized crm, which has been extensively studied by James [18] and James et al. [22] . Some special cases with various choices of function h and crms have been considered. James [20] considers polynomially tilting the law of gamma process with h(µ(X)) = µ(X) −q . Pitman [41, 42] constructs the Poisson-Dirichlet process from polynomially tilting the law of positive stable process. These are all interesting special cases covered by the class of the normalized tilted crms which will be further discussed in Section 3.
The total mass is a key ingredient of both normalized crms and normalized tilted crms. We consider the connection between these two total masses and the general framework on a characterization of the masses through the Laplace transform. Let the total masses of crm and tilted crm be T := µ(X) and T t := µ t (X). Both µ and µ t are the mappings to the positive line so that T > 0 and T t > 0 and the laws of T and T t are both absolutely 6 J.W. Lau continuous with respect to Lebesgue measure. Their densities, f T (y) and f Tt (y), are related through the equality
The Laplace transform of the random variable T is given by
where in general ψ a (b) is given by
In terms of the density of T , the Laplace transform of the random variable T t could be seen as
From (2.10), it requires to specify h to derive an explicit form. In fact, it is clear that the total masses are connected through the equality (2.8) and this could be utilized to derive the distributional results of the masses. A further extension on characterizing the random measures may concern the Laplace transform of their functionals, specifically linear functionals, that play an important role in the studies of random measures. One could see it as a generalization from measuring a set (e.g., equation (2.4) ) as an indicator function to measuring a class of functions. Let BM + (X) denote the class of positive Borel measurable functions mapping from X to R + ∪ {0} and all functions in this class vanish outside the bounded sets of X. Let g be a function in BM + (X) and let the functional defined as µ(g) := X g(x) µ(dx). This functional is also regarded as a Poisson functional since it has an expression with respect to the Poisson process on X × R + , that is µ(g) = R + ×X g(x)yN (dx, dy). Then the properties of the crm µ could be derived from the Poisson process N . For general discussion of functionals and Laplace functionals, see Daley and Vere-Jones [8] , Chapters 9, 10. An early application to Bayesian nonparametric statistics would be found in [39] (see also Dykstra and Laud [11] ).
3. The normalized random measure derived from the polynomially and exponentially tilted law
Here we aim at showing the conjugacy property of the normalized tilted crm G t with a specific choice of h (Definition 2.2). First, we take h as follows
where h ′ is a positive measurable function h ′ : R + ∪ {0} → R + and satisfying condition (2.5) , that is E[h ′ ( µ(X)) µ(X) −q ] < ∞, but it is not depending on the scalar q. Take the normalized tilted crm G t be a prior random probability measure in the Bayesian nonparametric content, we can show that the posterior of G t is belong to the same class of random probability measure (Definition 2.2). So the conjugacy property of G t with the choice of h (3.1) is immediately revealed. We then consider the polynomially and exponentially tilted law of the crm µ t , specifically, we take
in (3.1). This choice covers a rich class of random probability measures and the interest in this choice is desirable. The posterior analysis of this class of tilted crms is given after the conjugacy property has been shown. In general, the law of the tilted crm µ t is given by
The parameters of both the tilted crm µ t and normalized tilted crm G t are now q ≥ 0, h ′ and the intensity measure ν only. In particular, if h ′ is chosen to be e −γx in (3.1), the parameters are then q ≥ 0, γ ≥ 0 and the intensity measure ν. The random probability measures in the class of normalized tilted crms are more general than those in the class of the normalized crms (Regazzini et al. [44] ; James et al. [22] ); one could easily realize that the tilted crm µ t (Definition 2.1) is not necessarily a crm and this could be seen as a generalization of the class. Remark 3.1. A referee pointed out that here the exponentially tilting, say h(x) = e −γx , is redundant as the exponentially tilting operation on a crm leads to another crm. So taking h ′ as in (3.2) , such that h(x) = e −γx x −q , operated with a crm is equivalent to taking h ′ as a fixed finite constant, such that h(x) = x −q , operated with another crm.
Remark 3.2. Scaling operation on the law of Poisson random measures and crms has been studied in James [18] . James [18] , equation 70, has the same construction as in this work by taking h ′ to be a fixed finite constant in (3.1), or to be (3.2) from Definition 2.1.
The posterior law and structural conjugacy
Consider a sequence of exchangeable random elements taking values in X. These random variables are assumed to be conditionally independent and identically distributed given the normalized tilted crm G t (Definition 2.2) such that for every integer n ≥ 1
where G t , or equivalently µ t , is regarded as a parameter. Then, (3.3) is the "likelihood" with the parameter µ t . Let P (Xn) µt indicate the posterior distribution of µ t , namely the distribution of µ t conditional on X n , that is
where P µt,Xn represents the joint distribution of ( µ t , X n ) such that
Taking into consideration of the above assumption of conditional independence (3.3), the joint distribution P µt,Xn of (
This shows the key element needed for deriving the posterior law of µ t is the law of the crm P µ as seen in the right-hand side of (3.5). The usual technique to derive the posterior of µ t requires application of change of measure or disintegration. So, the major task is to apply change of measure updating the law P µ with the information, namely (
. Dealing with the term ( n i=1 µ(B i )) could be simply adopted by the standard arguments (James [18] [19] [20] ). The next term h ′ (µ(X)) should be chosen explicitly to proceed. When h ′ (µ(X)) = e −γµ(X) , change of measure only involves the Laplace transform and doesn't cost much effort. Eventually, dealing with the term µ(X) −(n+q) could be somehow challenging. James [18] (see also James et al. [22] ) introduces an augmentation approach that allows us to proceed further in particular for this polynomial term µ(X) −(n+q) . This leads to the analysis on the posteriors of the normalized tilted crms.
James [18] 's approach makes use of the gamma identity and introduces an augmented variable. We now address the role of the augmented variable. Here the well-known gamma identity is given by
Then take the term µ(X) −(n+q) in (3.5) as b −a in (3.6), term involving µ becomes tractable, positioned as an exponent. The integral (numerator) appearing in the righthand side (3.5) can be rewritten as
A conjugate class of random probability measures
where P( µ ∈ dµ| T = y) denotes the conditional distribution of µ given its' total mass T = µ(X). Rewriting the last expression by replacing f T with its expression in term f Tt (2.8), from (3.5) and (3.7) one finally gets
where
Here ℓ n is a joint probability density on R + × R + . Without loss of generality, we assume that (Ω, F, P) is large enough to support a sequence U n of random numbers such that the distribution of (U n , T t ) admits ℓ n as density function. Then, it follows that
Here f Un is a probability density for U n . In view of these elementary developments, one can disintegrate the law of ( µ t , X n ) as follows
This disintegration (3.11) shows the role of U n as an augmented variable.
Remark 3.3. The representation of the density (3.10) suggests that U n has the gamma distribution with a random scale T t which has the density f Tt . Given T t , U n has the gamma distribution with parameters (n + q, T t ). The product of the random variables, U n T t , has the gamma distribution with parameters (n + q, 1) and independent of T t .
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Before proceeding to the posterior distribution, additional notations are introduced. The normalized tilted crm G t is almost surely discrete. A random sample X n of G t usually contains ties. We can always express X n by two elements, namely a partition and distinct values. Here p n is a partition of the integers {1, . . . , n} that are the indices of X n and Y ℵ(pn) = {Y 1 , . . . , Y ℵ(pn) } represents the distinct values of X n . The partition p n locates the distinct values from X n to Y ℵ(pn) or vice versa. As a result, we have the following equivalent representations
The number of elements in the cell k, C k , of the partition is indicated by n k , for k = 1, . . . , ℵ(p n ), so that
k=1 n k = n. Therefore, the union of all cells is the set of all n integers,
. , n} and all cells are pairwise mutually exclusive, that is
This partition representation is commonly used in Bayesian non-parametric literature (see Lo [36] ; Lo and Weng [39] ; James [18] [19] [20] ) since it well describes the variates generated from those random probability measures and is also useful in expressing the marginal distribution of X n .
Lijoi and Prünster [35] describe the concept of structural conjugacy. A random probability measure, say G, is a structurally conjugate random probability measure if the resulting posterior law of G given X n = {X 1 , . . . , X n }, has the same structure. Neutral to the right process (Doksum [10] ) is one of the classes that has this property. In the present work, we show that the normalized tilted crms in Definition 2.1 are also structurally conjugate. Here we follow James et al. [22] , write G (Xn) t as the posterior normalized tilted crm. Theorem 3.1 shows that the normalized tilted crms in Definition 2.2 have the conjugate property, that is, both G t and G (Xn) t are in the same class.
The parameters of this normalized tilted crm are given by the Borel measurable function h ′ , the measure ν, and the scalar q ≥ 0.
With the prior measure G t and the likelihood (3.3), the posterior measure, namely G (Xn) t , has the same distribution of a normalized tilted crm such that
has the law
, has the same law as
where δ a is the Dirac delta function evaluated at a, µ is a crm with law P µ and intensity measure ν, {Y 1 , . . . , Y ℵ(pn) } is a sequence of fixed points of discontinuity, and {J
ℵ(pn) } are the corresponding jumps.
4. Conditional on X n , µ and {J
Proof. See Appendix A.1.
In Theorem 3.1, the posterior law of µ t , namely µ
, is shown to have the tilted law of the crm µ (Xn) , which has the law P
, where the tilting factor is updated to
. Under the normalization of the process, the posterior of the random probability measure becomes G
. This confirms the conjugate property of the normalized tilted crm.
Remark 3.4. Following Remark 3.2, the posterior distribution discussed in James [18] , Chapter 5, over the scaling operation on crms has been established in James [18] , Corollary 5.1. This result is a version of Theorem 3.1. Furthermore, James [18] , Theorem 5.1, also supplies the posterior law of the corresponding Poisson random measure. In particular, putting statements i and ii of James [18] , Corollary 5.1, and statements i and ii of James [18] , Proposition 5.2, together is equivalent to Theorem 3.1.
A special case of the tilted crm (Definition 2.1) that takes h(x) = e −γx x −q is of interest. The following theorem, Theorem 3.2, describes an augmented posterior law of G t and µ t , denoted by G , that are the conditional laws of G t and µ t , respectively, given both U n and X n . Theorem 3.2. Let G t = µ t / µ t (X) be a normalized tilted crm (Definition 2.2) on X with h as in (3.1) and h ′ as in (3.2) , that is h(x) = e −γx x −q . The parameters of this normalized tilted crm are given by the measure ν, and the scalers q ≥ 0 and γ ≥ 0. With the prior measure G t and the likelihood (3.3), the conditional posterior measure, namely G (Un,Xn) t , given U n and X n = {X 1 , . . . , X n } has the same distribution of a normalized crm such that
is a crm with the same law as
} is a sequence of fixed points of discontinuity, and {J
} are the corresponding jumps. 2. Conditional on U n and X n , each jump J (Un,Xn) k has the conditional density
3. Conditional on U n and X n , µ (Un) and {J
} are independent. 4. Conditional on X n , U n has the density
and ψ a (b) for a ≥ 0 and b ≥ 0 is defined in (2.9).
Proof. See Appendix A.2.
Theorem 3.2 shows that the augmented posterior random probability measure G (Un,Xn) t has the same distribution of a normalized crm and further also provides the posterior distribution of the augmented variables U n , f Un|Xn . Combining these two yields the posterior random probability measure
. This is certainly useful in applications of Bayesian non-parametric. For example, this theorem could be useful in simulating the posterior normalized tilted crm G (Xn) t that is desirable in some applications.
Remark 3.5. The posterior distribution of the tilted crm, namely µ (Xn) t , can be achieved by mixing the law in (3.15) (Theorem 3.2, statement 1) over the distribution of U n given X n in (3.16) (Theorem 3.2, statement 4). This is equivalent to the law of the tilted crm in statement i of James [18] , Corollary 5.1.
Generalized Blackwell and MacQueen Pólya urn sampling scheme and marginal distribution of partitions
Blackwell and MacQueen [3] first introduce the Pólya urn sampling scheme for the Dirichlet process and this scheme can be utilized to generate random sequences from the Dirichlet process. This employs so called the Blackwell-MacQueen Pólya (bmp) urn formula, that is the predictive distribution of the Dirichlet process random sequences. Lo [37] also shows that this bmp urn formula can be used to characterize the Dirichlet process. James et al. [22] generalize the Blackwell-MacQueen Pólya (bmp) urn formula for the normalized crms, namely Generalized Blackwell-MacQueen Pólya (gbmp) urn formula.
A further generalization will be considered for the normalized tilted crm in this section. We consider a normalized tilted crm G t with h(x) = e −γx x −q in Definition 2.2. Here the gbmp urn formula for this normalized tilted crm will be presented under two formulations, namely the unconditional and the conditional gbmp urn formulas for the normalized tilted crm. The unconditional gbmp urn formula is simply the predictive distribution, P{X n+1 ∈ dx|X n } where {X n+1 , X n } is the random sequence drawn from the normalized tilted crm G t . The conditional gbmp urn formula is the augmented version of gbmp urn formula derived from Theorem 3.2. An impression directly comes to the mind is that the conditional urn formula, namely P{X n+1 ∈ dx|X n , U n } could be derived according to the predictive distribution P{X n+1 ∈ dx|X n } = E[P{X n+1 ∈ dx|X n , U n }|X n ] with respect to the distribution U n given X n , f Un|Xn (3.16). However, the term P{X n+1 ∈ dx|X n , U n } is not necessarily a proper distribution. A rescaling over both P{X n+1 ∈ dx|X n , U n } and f Un|Xn with a factor involving terms like U n seems to be needed. This leads to a new variable U n introduced and this new variable has a tilted density of U n . So, we obtain a proper distribution P{X n+1 ∈ dx|X n , U n } and also the conditional gbmp urn formula is established by mixing over U n . Proposition 3.1. Let G t = µ t / µ t (X) be a normalized tilted crm (Definition 2.2) defined on X with h as in (3.1) and h ′ as in (3.2) , that is h(x) = e −γx x −q . The parameters of this normalized tilted crm are given by the measure ν, and the scalers q ≥ 0 and γ ≥ 0. Then,
1.
The predictive distribution for X n+1 given X n = {X 1 , . . . , X n } is given by
2. Conditional on U n , the predictive distribution for X n+1 given X n = {X 1 , . . . , X n } is given by
3. In addition,
where ψ a (b) for a ≥ 0 and b ≥ 0 defined in (2.9) and τ m,z (a) for m > 0, z ∈ X and a ≥ 0 defined in (3.17).
Proof. See Appendix A.3.
Proposition 3.1 gives the predictive distribution and the augmented predictive distribution for the sequence X n = {X 1 , . . . , X n } as in Blackwell and MacQueen [3] and James et al. [22] . Statement 1 of Proposition 3.1 could be viewed as a direct sampling scheme and statement 2 as a conditional sampling scheme that involves iterative sampling with U n given X n . From statement 1, conditional on X n = {Y ℵ(pn) , p n },
X ω n,ℵ(pn)+1 (x)η(dx) and the new sample is allocated a new index ℵ(p n ) + 1, becoming Y ℵ(pn)+1 . Otherwise X n+1 has probability 1 − [φ(X n )] −1 X ω n,ℵ(pn)+1 (x)η(dx) to be one of the existing sample Y ℵ(pn) . This sequential scheme directly collects sample of size n cumulatively. Statement 2 of Proposition 3.1 suggests an alternative sampling scheme that draws from {X i , U i } sequentially for i = 1, . . . , n. To initialize the scheme, a sample of U 0 from the marginal distribution f U0 = f U0 and a sample of X 1 from
are required, then a sample of {X 2 , . . . , X n } can be achieved through iterating the following steps
Step 2: conditional on X i and U i , sample X i+1 from P{X i+1 ∈ dx|X i , U i }, for i = 1, . . . , n − 1, where X i = {Y ℵ(pi) , p i }. The scheme described here is more general than those in existing articles and provides alternatives to sample from some common processes, such as the normalized generalized gamma process and the generalized Dirichlet process (see James [18] ; Lijoi et al. [31, 32] for a direct sampling scheme). These two cases will be discussed in Section 4.
Remark 3.6. The joint distribution of X n can be recovered according to (3.18 ) that can be also found in James [18] , Theorem 5.2.
Proposition 3.2. Let G t = µ t / µ t (X) be a normalized tilted crm (Definition 2.2) defined on X with h as in (3.1) and h ′ as in (3.2) , that is h(x) = e −γx x −q . The parameters of this normalized tilted crm are given by the measure ν, and the scalers q ≥ 0 and γ ≥ 0. Then,
The marginal distribution for X n = {Y ℵ(pn) , p n } is given by
2. The marginal distribution for p n is given by
4. Conditional on U n , the distribution for p n is given by
.
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5.
Conditional on p n , the distribution for U n is given by
Proof. See Appendix A.4.
Proposition 3.2 gives the marginal distributions of X n , both conditional and unconditional on U n , in statements 1 and 3, respectively. In statements 2 and 4, the proposition gives the distributions of p n of first n integers {1, . . . , n} both conditional and unconditional on U n . The distributions of the partitions are the exchangeable partition probability function (eppf) as they all are symmetric functions of {n 1 , . . . , n ℵ(pn) }. A special structure of the eppf, called the Gibbs form, is also available in the conditional case. Specifically, the distribution of the partition, p n , conditional on U n (Statement 4 of Proposition 3.2) has the Gibbs form (Pitman [42] , Theorem 4.6, page 86), that is, the eppf is of the form V n,ℵ(pn)
is a function of n and ℵ(p n ) and W n k is a function of n k . Such a partition is called the Gibbs partition and therefore p n is a Gibbs partition conditional on U n (see Pitman [40] and Pitman [42] for the details of the eppf and the Gibbs form). 
The tilted version of generalized gamma process and generalized Dirichlet process
We consider the tilted version of two interesting and important classes of measures, namely the generalized gamma process and the generalized Dirichlet process. Tilting these two classes of measures yields the normalized beta-gamma process, the PoissonDirichlet process, the normalized generalized gamma process and the Dirichlet process. They all have been extensively studied and have wide applications in both statistics and probability. We now discuss the tilted version of these processes. Let G t be a normalized tilted crm with h(x) = e −γx x −q and with ν chosen in the following subsections.
Generalized gamma process
The generalized gamma process is considered a building block for random probability measures (James [18] ) and has been widely investigated (Lijoi et al. [34] ). Earlier studies on this process can be found in modeling survival functions (Hougaard [15] ) and in spatial modeling (Wolpert and Ickstadt [45] ; Brix [4] ). The intensity of the generalized gamma process is given by
This process is an important class since it contains the following well known processes:
1. Taking We now consider the normalized random measure derived from the polynomially and exponentially tilted law of the generalized gamma process. An application of Theorem 3.2 and Proposition 3.1 leads to the conditional gbmp urn formula
and the posterior distribution of U n is given by
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Notice that when b(x) = b > 0 and α = 0, then the condition (2.5) is reduced to θ > q ≥ 0. In fact, when b(x) = b > 0 and 0 < α < 1, then θ is not required to be greater than q and the condition (2.5) holds with q ≥ 0 and θ > 0. With a general b(x), the condition (2.5) is required to be examined. By inspection of (4.1), one could find that when α = 0 and b(x) = b, X n+1 is no longer dependent on U n given the past {X 1 , . . . , X n }, that is P{X n+1 ∈ dx|X n , U n } = P{X n+1 ∈ dx|X n }. This fact is also emphasized in Remark 2 of James et al. [22] , page 86. This setting with q = 0 is corresponding to the normalized gamma process or the Dirichlet process and the gbmp urn formula is given by
This (4.2) is the bmp urn formula (see also Blackwell and MacQueen [3] ).
Normalized beta-gamma process
The law of the beta-gamma process can be derived from the polynomially tilting the law of the gamma process (James [20] ). The beta-gamma process was first introduced for the proof of the Markov-Krein identity of the Dirichlet process mean functionals and since then it has become a useful analytical tool for studying the Dirichlet process (see James [20] and James et al. [22] ). Here we mention that Cifarelli and Regazzini [5] [6] [7] were the first works in which this identity was explicitly demonstrated in relation to the research of the law of the Dirichlet process mean functionals. An important fact in James [20] states that a Dirichlet process can be expressed as a normalized beta-gamma process. This becomes an interesting alternative expression of the Dirichlet process that is usually expressed as the normalized gamma process. This expression is given by taking q > 0, γ = 0, α = 0, θ > q, b(x) = b ≥ 0. The condition θ > q (see also James [20] , equation 5, page 649) is equivalent to the condition (2.5). With α = 0 and b(x) = b, as in the construction through the normalized gamma process, the variable X n+1 is not dependent on U n nor U n given the past {X 1 , . . . , X n }.
Poisson-Dirichlet process
The Poisson-Dirichlet process is a common and well known process used in both statistical and probabilistic modeling. This is also called Pitman-Yor process which is coined by Ishwaran and James [16] . This process has been shown to be useful in a variety of interesting applications in combinatorics (Arratia et al. [2] ), population genetics (Griffiths and Lessard [14] ) and Bayesian statistics (Ishwaran and James [16, 17] ). This process was first introduced by Kingman [27] and Pitman and Yor [43] provided a detailed study of its properties. We consider the Poisson-Dirichlet process with parameters (α, q) that is equivalent to take θ = 1, γ = 0, b(x) = 0, q > 0, and 0 < α < 1. Special cases include the Dirichlet process and the normalized stable process with parameters (0, q) and (α, 0) respectively. These two processes could be seen as an two parameter extension of the Dirichlet process. Even thought there is an explicit expression of the unconditional gbmp urn formula (Pitman [41, 42] ; Ishwaran and James [16, 17] ), it is still worth examining the augmented version for the Poisson-Dirichlet process (α, q) process. The conditional gbmp urn formula is given by
This is equivalent to
with probability (q + αℵ(p n ))/(n + q) and
with probability (n − αℵ(p n ))/(n + q) where G 1 is a Gamma(q/α + ℵ(p n ) + 1, 1/α) random variable and G 2 is a Gamma(q/α + ℵ(p n ), 1/α) random variable.
Normalized generalized gamma process
The normalized generalized gamma process with θ > 0, γ = 0, b(x) = b > 0, q = 0, and 0 < α < 1 is considered in James [18] and Lijoi et al. [32, 34] . Specifically, the conditional gbmp urn formula is given by
where the density of the augmented variable U n is given by
A little effort might be required for sampling U n from (4.4). One could follow Devroye [9] , Section II.3.3, page 47, to derive a suitable rejection procedure. Here we give a simple illustration. A sample of V n could be drawn from
and if ζ < ψ(V n ), then U n = V n , otherwise sample V n again until ζ < ψ(V n ) where ζ is an uniform random variable which is independent of V n and ψ(v) = e
θv α +(n−αℵ(pn)) . Notice that U n given X n (4.4) and V n are identical in distribution when b = 0. The random variable V n can be described as:
with probability αℵ(p n )/n and V n d = G 1/α 2 with probability (n − αℵ(p n ))/n where G 1 is a Gamma(ℵ(p n ) + 1, θ/α) random variable and G 2 is a Gamma(ℵ(p n ), θ/α) random variable.
Generalized Dirichlet process
Regazzini et al. [44] introduce the generalized Dirichlet process as an example for determining the mean of normalized random measures with independent increments. Apart from studying probabilistic properties of the generalized Dirichlet process, its use in Bayesian non-parametric statistics is developed in Lijoi et al. [31] . We state the intensity of the generalized Dirichlet process as
1 − e −s s −1 e −s ds, and introduce the difference of two Hurwitz Zeta functions as,
When c is a positive integer (which is considered by Regazzini et al. [44] and Lijoi et al. [31] ), the function can be simplified to a finite sum,
The conditional gbmp urn is given by
where the density of the augmented variable is given by
Again, the condition (2.5) stated in the construction that E[h(µ(X))] < ∞ is equivalent to θ > q. In particular, when c = 1 this is corresponding to the Dirichlet process, ϕ 1 (γ + u, 1) = ϕ n k +1 (γ + u, 1)/ϕ n k (γ + u, 1) and it can be shown that X n+1 given {X 1 , . . . , X n } is not dependent on U n . Similar to the normalized generalized gamma process, the rejection method can also be proposed due to Devroye [9] , Section II.3.3, page 47. That is, sample W n from Beta(n + q + 1, θ − q), and if ζ < ψ((γ
where ζ is an uniform random variable which is independent of W n and
Simulation study on approximating distribution of partition size via the augmented Blackwell-MacQueen Pólya urn formula
We conduct a simulation study on approximating the posterior probabilities of partition sizes, P{ℵ(p n ) = i} for i = 1, . . . , n, using the conditional gbmp urn formula discussed in last section. We consider two popular random probability measures, the Poisson-Dirichlet process and the normalized generalized gamma process. For the Poisson-Dirichlet process, we simulate data according to α = 0.5, θ = 1, q = 1, γ = 0, b(x) = 0. For the normalized generalised gamma process, we simulate data according to α = 0.5, θ = 1, q = 0, γ = 0, b(x) = 1. In both cases, we set n = 50. We examine two exact sequential sampling schemes and two MCMC schemes. Specifically:
A.1. Sample X i sequentially for i = 1, . . . , n according to the unconditional gbmp urn formula, P{X i+1 ∈ dx|X i } for i = 1, . . . , n − 1. A.2. Sample {X i , U i } sequentially for i = 1, . . . , n according to the conditional gbmp urn formula, P{X i+1 ∈ dx|X i , U i } and f Ui|Xi (u) for i = 1, . . . , n − 1. A.3. Re-sample X i iteratively for i = 1, . . . , n according to the unconditional gbmp urn formula, P{X i ∈ dx|X n \{X i }} for i = 1, . . . , n. A.4. Re-sample {X i , U n } iteratively for i = 1, . . . , n according to the conditional gbmp urn formula, P{X i ∈ dx|X n \{X i }, U n } and f Un|Xn (u) for i = 1, . . . , n.
Algorithms A.1 and A.2 are exact and are identical in distribution. Algorithm A.1 has been frequently used in the literature and for the normalized generalized gamma process J.W. Lau requires the evaluation of the complicated functions. Algorithm A.2 is the conditional gbmp urn formula derived from the tilted measure proposed in this article. This method is straightforward to implement without much complication in evaluations. We also include two MCMC Gibbs sampling algorithms described in A.3 and A.4 for comparison. These are not exact sampling algorithms and an initial sampling period is necessary to converge to the stationary distribution. The stationary distribution itself is identical to that of A.1 and A.2.
In each replication, we sample 10,000 independent samples from A.1 and A.2 to approximate P{ℵ(p n ) = i} for i = 1, . . . , n. Starting with a partition p n = {{1}, . . . , {n}} with all singleton clusters, we draw 20,000 samples from algorithms A.3 and A.4. We ignore the first 10,000 warmup samples and use the last 10,000 samples to approximate P{ℵ(p n ) = i} for i = 1, . . . , n. So, each algorithm produces 10,000 approximates of probabilities of partition sizes, P{ℵ(p n ) = 1}, . . . , P{ℵ(p n ) = n}. To summarize the results, Figures 1 and 2 show the range and 95% confidence levels of 10,000 approximates of probabilities of partition sizes for the Poisson-Dirichlet process and the normalized generalized gamma process respectively for algorithms A.1-A.4. Similarly, Tables 1 and 2 shows the true probabilities and the means and standard errors of the approximates given by algorithms A.1-A. 4 . Figure 1 and Table 1 show that for the Poisson-Dirichlet process algorithms A.1 and A.2 result in samples from identical distributions, as the theory would suggest. The MCMC algorithms, A.3 and A.4 also produce similar results to A.1 and A.2 except for the standard errors in Table 1 . The standard errors indicate the variability of the MCMC generated samples is generally greater than the exact sequential sampling algorithms, as we would expect. The results for the normalized generalized gamma process shown in Figure 2 and Table 2 point to a similar story as in the Poisson-Dirichlet process.
Finally, we note that it is not necessary to sample X n to conduct the simulation. It could be done by simply simulating partitions p n directly instead. It is possible to integrate out all Y ℵ(pn) from the conditional gbmp urn formula and obtain the weights for partition sampling using the Chinese restaurant process (see Aldous [1] , Lo et al. [38] and Pitman [42] ).
Conclusion and further research
This article has introduced a class of random probability measures based on polynomially and exponentially tilting. We have provided a complete Bayesian analysis of this class of measures with details on the prior and posterior laws and shown that the class is structurally conjugate. We described a conditional Blackwell-MacQueen Pólya urn sampling scheme that simplifies the computational requirements to implement such sampling schemes. The new sampling scheme yields similar answers to more complicated schemes described in the literature.
We also note a general tilting treatment could be considered for any measurable function h on R + evaluated at the total mass of the corresponding crm in (2.6). This general class of random probability measures with homogeneous intensity, ν(dx, ds) = η(dx)ρ(ds), can be shown to be the Poisson-Kingman process (Pitman [41, 42] ) by showing that the normalized random probability measure (2.6) has a Poisson-Kingman partition (ρ, γ), where γ denotes the tilted density of total mass such that γ = f Tt (2.8) and ρ represents the σ-finite non-atomic intensity measure ρ(ds). Then, the conditional partition distribution is given by The proof is given in Appendix A.5; See also Pitman [41] , Lemma 5, page 8, for the related joint distribution of partitions and jumps. Investigation of the properties of this general class of random probably measures and even special cases of (2.6) is interesting for further research. Finally, we note that the applications of Bayesian non-parametric mixture models in Bayesian statistics is steadily increasing (see Lo [36] ; James [18] ; Ishwaran and James [16, 17] ; James et al. [22] ; Lijoi et al. [31, 32, 34] ). In particular, time series model mixing over random probability measures has been considered recently in Griffin and Steel [13] , Table 1 Lau and So [29, 30] and Lau and Cripps [28] . Often in mixture models over the normalized tilted crm, it is necessary to consider a collection of latent variables, which is a sample of the normalized tilted crm but these latent variables are not observed directly. In fact, sampling latent variables is essential for approximating estimates of parameters of interest that are functions of the latent variables, X n because of the high cardinality of the posterior distribution due to combinatorial property of the latent variables. As a result, sampling schemes for X n are required for estimation based on the conditional Blackwell-MacQueen Pólya urn formula and the distributions of X n and partitions p n . In this article, we have provided the marginal distributions of X n and p n , both conditional and unconditional on U n , that are essential elements in implementing mixture models over the normalized tilted crm. 1 where this Poisson process N has distribution denoted by P N , has the intensity measure ν same as that of µ (2.4), and belong to the set in B(M X×R + ) corresponding to the set A that µ ∈ A ∈ B(M X ). Here (x i , s i ) for i = 1, . . . , n represent the points generated from the Poisson process N . For k = 1, . . . , ℵ(p n ), (Y k , J k ) denotes the distinct points of the (x i , s i )'s and ℵ(p n ) denotes the number of the distinct points. In addition, we take {J 1 , . . . , J ℵ(pn) } to be the augmented variables. We then apply the Fubini theorem following from an application of Lemma 2.2 of James [18] , page 8 (see also James [18] for some detail discussions), to yield the joint distribution of N , p n and (Y k , J k ) for k = 1, . . . , ℵ(p n ), which is given by (A.2) without the proportional constant, h ′ ( X×R + sN (Xn) (dx, ds)) ( X×R + sN (Xn) (dx, ds)) n+q P N (dN ) . Here the distribution of N (Xn) is identical to the distribution of the sum over a Poisson process N and the fixed points of discontinuity at (X) on X is obtained by the same arguments in the proof of Theorem 2 of James et al. [22] , page 96. Thus, the proof is complete. This is the joint distribution of µ, p n and Y k for k = 1, . . . , ℵ(p n ). Then we apply the gamma identity (3.6) on the term (µ(X) + Here the augmented variable U n is introduced due to the gamma identity. Incorporating (A.7) with (A.8) and omiting the integrals, it turns out that the following is the joint distribution of U n , µ, p n and Y k for k = 1, . . . , ℵ(p n ), e −(γ+u)µ(X) P µ (dµ) u n+q−1 Γ(n + q)
A.2. Proof of Theorem 3.2
The disintegration between terms in e −(γ+u)µ(X) and P µ (dµ) in (A.9) yields e −ψ0 (γ+u) and P µ (u) (dµ) where ψ 0 is defined in (2.9) and the completely random measure µ (u) has the intensity measure ν (u) (dx, ds) = η(dx)e −(γ+u)s ρ x (ds). Then, (A.9) turns out to be 
We use Theorem 3.2 to obtain the explicit results of the expectations (A.13) according to the conditional distributions of µ (Un) and J (Un,Xn) k for k = 1, . . . , ℵ(p n ). There are two expected values (A.13) considered in the following. Firstly, an exponential identity in the first integral of (A.13) yields,
We apply a change of measure on µ (Un) and compute directly on the expectation with respect to J 
A.4. Proof of Proposition 3.2
The joint distribution of {Y ℵ(pn) , p n , U n } could be simply derived from (A.10) of Theorem 3.2, which is proportional to e −ψ0(γ+u) u n+q−1 Γ(n + q)
where τ m,z (a) is defined in (3.17) . Distributional results around these random variables {Y ℵ(pn) , p n , U n } are achieved immediately with some simple algebra.
A.5. Proof of equation (6.1) Starting from the marginal distribution of X n which is given by
µ(dx i ) h(µ(X))µ(X) Then, in (A.24), marginalizing Y ℵ(pn) and replacing the distribution of the total T = µ(X) by f T (t), the distribution of p n is given by the following without the proportional constant, 
Thus, the proof is complete.
